Introduction
No algorithmic way of describing Stokes regions, i.e., domains where the Borel sum of a WKB solution is well-dened, is known for higher order ordinary dierential equations with a large parameter. (See, e.g., [AKT2] .) The main diculty lies in the necessity of \new Stokes curves", which emanate from possible crossing points of Stokes curves, as Berk, Nevins and Roberts ( [BNR] ) rst observed in discussing a connection formula for WKB solutions. Berk et al. further presented a charming idea of applying the steepest descent method to the inverse Fourier transform of a WKB solution for the Fouriertransformed operator. (See also [WSW] for some related subject.) They have conrmed that this approach is eective near saddle points of the integrand ( [BNR, p. 992] ), but they have observed several troubles if a steepest descent path hits a turning point of the Fourier-transformed operator ( [BNR, p. 1001] ).
The principal aim of this article is to examine the idea of [BNR] from the viewpoint of the exact WKB analysis, i.e., with the Borel resummation of WKB solutions (cf. [V] , [S] , [DDP] and references cited there; see also [BH] for a related subject \hyperasymptotics"), and to propose a new notion \an exact steepest descent path", which naturally ts in with the Borel resummation method. We then present some examples which illustrate how the troubles [BNR] observed are naturally resolved by the use of exact steepest descent paths. We note that the notion of an exact steepest descent path is introduced here to exactly take into account the eect of exponentially small terms pertaining to Stokes phenomena of WKB solutions; this explains why we have succeeded in resolving the troubles that [BNR] encountered far away from saddle points.
Notational preliminaries
The operators we study in this paper are supposed to have the following form: P = Here the normalization factor 01=2 is introduced for the sake of convenience in handling its Borel transform, and 1 1 1 designates terms with non-positive powers of .
Thus the object we are interested in is of the form
The specication of the path of integration in (6) will be given in x3. Hereâ is an arbitrarily xed point to normalize^ k . (Cf., e.g., [V] .) So far we have discussed WKB solutions^ k of the equationP^ = 0. It is clear that, if we solve the equation p(x; ) = 0 in the form = j (x) (j = 1; : : : ; m) we obtain m WKB solutions j (x; ) (j = 1; : : : ; m) of P = 0 in the form j = exp( Z x j (x)dx + 1 1 1 )= p ; (14) or possibly with another normalization factor 01 instead of 01=2 , as we will see in x3. Its Borel transform j;B is obtained in the same manner as above. Let us rst x the path of integration in (6); as^ k (; ) has been given its meaning through the Borel resummation, we have only to x the path of integration in -space. We stipulate that the -integration should be performed along a steepest descent path for Re f k that passes through a saddle point of f k with f k being x 0 R a x k ()d. A saddle point 3 of f k satises x = x k ( 3 ), and hence 3 = j (x) holds for some j. Barring the accidental coincidence of 3 with a turning point ofP , we nd and if the -integration is done along the path described by (18). Thus the integral (6) can be written as Z exp(0y)(x; y)dy (26) where y ranges over the half-line fy 2 C; y = 0 R x a j (x)dx + w; w 0g. We shall further conrm that (x; y) is the Borel transform of a WKB solution of the equation P = 0. In view of the particular form of the integral (26), we will then be convinced that the integral (6) should play an important role in describing the domain on which the Borel sum of a WKB solution of P = 0 is well-dened.
In order to verify that is the Borel transform of a WKB solution of P = 0, let us rst show P B = 0 by the integration by parts. In fact, we have Summing up, the integral (6) relates^ k;B to j;B unless extra singularities become relevant to the domain of integration specied by (13) and (18). As we will see in the next section, other singularities of^ k;B (; y) really sneak into the domain in question if the steepest descent path (18) (19) by the denition of a Stokes curve in the exact WKB analysis (cf., e.g., [V] ). If^ k is dominant over^ k 0 along the Stokes curve, the integral (19) will acquire an additional exponentially small term as a consequence of the \connection formula". To give the concrete description of the added term is the purpose of this section. Our description is based on a precise computation done for the case P is a harmonic oscillator ( [T1] ).
As the exact WKB analysis is complete only for the second-order operators, we now assume that n = 2, i.e.,P is of the second order. (Practically speaking, we can deal with more general operators. See, e.g., Example 2 in x5.) WhenP is of the second order, we can, and really do, chooseâ, the end point of the integral, to be the turning point from which the Stokes curve in question emanates so that^ k has the form (0x k () + 1 1 1 ) 01=2 exp( [AKT1] .) The sign depends on the conguration of the steepest descent path and the Stokes curve, and we assume without loss of the generality that the sign is +. This exponentially small term appears as a consequence of the fact that at = 0 the singularity of^ k;B (;ỹ) located atỹ = R a x k 0 ()d hits the path of integration (13) (24) with the explicit use of -variable (rather than the u-variable) we introduce the symbol (6) to denote the end-points of the integral (24). For the sake of deniteness we suppose that (0) corresponds to u that is negative and smaller than u 0 . Note also that 0 corresponds to u 0 . If we let 3 denote the singular point of k;B (;ỹ) that is described byỹ = R a x k 0 ()d, our task is then to describe concretely the integral I obtained by the integration from 0 to 3 in Figure  2 (b) below. In view of the connection formula (32), this integral should be related to i^ k 0 ;B . To nd the precise form of the relation let us consider the following integral (35) with the domain of integration prescribed by (36) and (37) below; in what follows we show that the integral I is coincident with the integral (35) The geometric meaning of (37) (49) because of the choice of the path , the integral I is equal to the integral (48) by (50). Therefore we conclude that the concrete form of the integral I is given by the integral (35) whose domain of integration is specied by (36) and (37).
The discussion given in this section tells us that, if we consider the integral (24) globally with respect to y, we are forced to consider not only the steepest descent path C k for Re f k passing through the saddle point of f k but also another steepest descent path C k 0 for Re f k 0 that is bifurcated from C k at the crossing point of C k and a Stokes curve for b P . The necessity of integration over a portion of C 0 k and the connection formula for WKB solutions of b P b = 0 are two sides of the same coin, and hence the integral along C k and that along C k 0 are, so to speak, equal partners. Therefore, if C k 0 hits some saddle point, say = l (x), then some anomalies should be observed in the Borel sum of WKB solutions of the starting equation P = 0, that is, the point x should be on a Stokes curve for P , ordinary or new. Thus we are led to \Exact Steepest Descent Path Ansatz", or \ESDP Ansatz" for short, which is given below. To state ESDP Ansatz, we prepare the following denition of an exact steepest descent path. There we use a terminology \a Stokes curve of type (k > k 0 )" to mean that b k is dominant over b k 0 along the Stokes curve.
Denition of an exact steepest descent path: Let f l denote x 0 R a x l ()d. An exact steepest descent path C is, by denition, the union of portions of steepest descent paths obtained by the following procedure:
Start with a steepest descent path C k of Re f k for some k that passes through a saddle point. If C k crosses a Stokes curve (for b P ) of type (k > k 0 ), consider the steepest descent path C k 0 for Re f k 0 which starts from the crossing point. If C k 0 crosses another Stokes curve of type (k 0 > k 00 ), consider another steepest descent path C k 00 for Re f k 00 in the same manner, and so on.
Exact Steepest Descent Path Ansatz: Stokes phenomena for Borel resummed WKB solutions of P = 0 are observed at x if and only if an exact steepest descent path connects two saddle points k (x) and l (x).
It is evident that this Ansatz is a natural generalization of the results obtained for a Laplace-type operator P (i.e., an operator whose Laplace transform is of the rst order; cf. Introduction of exact steepest descent paths automatically resolves the spurious changes of topological congurations of steepest descent paths that occur when they hit a turning point ofP . For example, as is shown in Figure 3 , when a steepest descent path C k hits a simple turning pointâ, no topological change of congurations occurs for the exact steepest (52) where c stands for the coordinate of A, and consider the ordinary steepest descent paths for the integral (19) (or rather (6)) with x = x k . With the aid of a computer we nd Fig. 5 .k that illustrates the conguration for x = x k . We seek for a topological change of congurations which occurs when a steepest cf. Remark 1 in x4.) We then observe ve changes of the conguration of this kind: between x = x 1 and x = x 2 , around x = x 4 , between x = x 7 and x = x 8 , around x = x 10 , and between x = x 6 and x = x 7 . Each of the rst four corresponds to one of four portions of Stokes curves meeting at the point A, while the fth change that occurs between x = x 6 and x = x 7 can be attributed to a new Stokes curve passing through the ordered crossing point A (in the sense of [BNR] ). Thus the (ordinary) steepest descent method applied to the integral (6) correctly detects Stokes curves in this case.
(ii) In spite of the success shown in (i), the method fails near B, another crossing point of Stokes curves in Figure 4 . Choosing c to be the coordinate of the point B, we nd the 16 conguration of the ordinary steepest descent paths for the integral (6). In Figure 6 one can observe only three relevant topological changes of the conguration: around x = x 2 , around x = x 7 , and between x = x 8 and x = x 9 . However, the reasoning of [BNR, x2] (cf. also [AKT2, pp.83{84])
indicates that three Stokes segments meet at a point only if one of them or all of them are actually irrelevant to Stokes phenomena. Otherwise stated, the ordinary steepest descent method applied to the integral (6) cannot correctly detect the Stokes phenomena in this case. Contrary to this failure, if we use exact steepest descent paths, then we can correctly detect the points where the Stokes phenomena occur, as the subsequent Figure 7 shows. Fig. 7 visualizes the movement between x = x 0 and x = x 1 of conguration of the exact steepest descent paths of the integral (19); in order not to make the gures too complicated, some irrelevant paths are omitted. The heavy line designates the exact steepest descent path, which plays a crucially important role.
(iii) Another evidence strongly in support of ESDP Ansatz can be found near the point C, where two Stokes curves cross. Let x k (k = 0; 1; 1 1 1 ; 8) denote the point 1:37 + p 01(0:059 + 0:00525k); these points lie on the path that is designated by a dotted line in Fig. 4 . Then we nd Fig. 8 .k (k = 0; 1; : : : ; 8) that describes the conguration of ordinary steepest descent paths for x = x k . In Fig. 8 we observe a topological change of the conguration only near x = x 1 , which evidently corresponds to the situation where crosses an ordinary Stokes curve 1 in Fig. 4 ; we cannot observe any changes that might be attributed to the crossing of and another ordinary Stokes curve 2 or a possibly relevant new Stokes curve 0 emanating from the crossing point C.
Let us now add an exact steepest descent path to Fig. 8.3 and Fig. 8.4 ; the resulting gures are respectively Fig. 9.3 and Fig. 9 .4. In contrast with Fig. 8.3 and Fig. 8.4 , they clearly show a topological dierence of congurations. This topological change that occurs between x = x 3 and x = x 4 corresponds to the crossing of and a new Stokes curve 0 that emanates from C.
Similarly we nd Fig. 9 .5 and Fig. 9 .6 by adding an exact steepest descent path respectively to Fig. 8.5 and Fig. 8.6 . They again show a topological change of congurations, which occurs between x = x 5 and x = x 6 . (As Fig. 9 .5 and Fig. 9 .6 seem to be too complicated to decipher, we also present Fig. 9 .5 bis and Fig. 9 .6 bis which contain only the added exact steepest descent path, so that the reader's attention may be concentrated upon it.) (Fig. 9.3 ) and for x = 1:37 + 0:08 i (Fig. 9.4 ). Fig. 9 .5) and for x = 1:37 + 0:0905 i (Fig. 9.6 ). (Fig. 9 .5 bis) and for x = 1:37 + 0:0905 i (Fig. 9.6 
bis).
This change that occurs between x = x 5 and x = x 6 corresponds to the crossing of and the ordinary Stokes curve 2 .
Thus the addition of an exact steepest descent path neatly explains delicate issues concerning the Stokes phenomena near the point C. AlthoughP is of the third order, Carroll-Hioe ingeniously gave an integral representation of solutions of (53). Hence we can describe the complete Stokes geometry for (53) by analyzing the integral again with the aid of a computer ([AKT3]). The result is shown in Fig. 10 below. (A dotted line indicates that no Stokes phenomena occur across that portion of the curve.) Choosing c in (52) to be the coordinate of the point A in Fig. 10 , we illustrate the conguration of ordinary steepest descent paths for the integral that represents a solution of (53) and the integral (6) respectively in Fig. 11 and in Fig. 12 . In Fig. 12 we cannot observe any topological change of the conguration caused by the interaction of steepest descent paths and saddle points between x = x 3 and x = x 4 , which is observed in Fig. 11 . If we use exact steepest descent paths in addition to ordinary ones, the topological change can be observed in the following Fig. 13 that describes the behavior between x = x 3 and x = x 4 . As several examples in the preceding section have shown, ESDP Ansatz is a new and powerful proposition in WKB analysis. In particular, we note the disappearance of a pathological change of congurations of steepest descent paths which is observed when an ordinary steepest descent path hits a turning point forP (see Remark 1 in x4), if we use exact steepest descent paths; the eect of a turning point is automatically built in the denition of an exact steepest descent path through its interrelationship with a Stokes curve that emanates from the turning point. This fact nicely ts in with the fact that a turning point is not a singular point of the equationP^ = 0; the singularity at a turning point that appears in the WKB expansion is a spurious one to disappear by the Borel resummation. Another important implication of ESDP Ansatz is that Stokes phenomena for the operator P occur only on a Stokes curve of the form (62) below. The reasoning is as follows: Suppose that a Stokes phenomenon is observed at x: ESDP Ansatz then asserts that hold for some j; j 0 ; k and k 0 ; a turning pointâ and some 0 ; where x k () and x k 0 () solve the equation p(x; ) = 0 given by (4) and j (x) and j 0 (x) also solve the same equation in : Let us suppose that R = f(x; ) 2 C 2 : p(x; ) = 0g is non-singular and that x k () etc. are situated with a turning point a of P as in Figure 14 . Here we note that relations (55) and (56) are slightly weaker than the actual situation that ESDP Ansatz requires to occur, because a level surface of Im f k or Im f k 0 is not necessarily connected. As we see below, these weaker conditions still suce to entail the required relation (62).
Integration of the 1-form d(x) = xd + dx on the portion C 1 in Fig. 14 This relation enhances our belief in ESDP Ansatz.
